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Abstract 

i i 
Let <£> : § x M ^ M be a smooth action of the unit circle § on a manifold M. In this work, we compute 

the minimal model of M in terms of the orbit space B and the fixed point set F C B, as a dg-module over the 

Sullivan's minimal model of B. 

The question we treat in this work is the following: given a smooth action <I>: S x M — > M, is it possible to 
construct a model of M using just basic data? The answer is well known when the fixed point set is empty (in 
particular, when the action is free). A dgc algebra model of M is given by a Hirsch extension of the dgc algebra 
Sullivan minimal model A(B) of the orbit space B 

(1) A(B)®A(x), 

where the degree of cc is 1 and dx defines the Euler form of the action (see for example (|]). This formula does not 
apply when the fixed point set F is not empty. Roughly speaking this happens because the Euler form does not 
live on B. 

Our answer to the above question is a minimal model of the deRham dgc algebra fl (M) of M, which is a dg 
module over the Sullivan minimal model A(B) of B. Such structure is associated to M by means of the canonical 
projection it : M — » B. We prove that the minimal model of M, as an ^4(_B)-dg module, is the graded cone 

(2) M{M) = A(B)® e ,M{B,F), 

where A4(B, F) is a sort of relative minimal model of the pair (B, F) and e' : A4(B, F) — > A(B) is a degree 2 map. 
This map is determined by the Euler class of the action and it will be described below. We also prove that, for 
F = 0, the formul ([[]) and (|J) coincide. 

There are some algebraic invariants of M and F that are closely related: Poincare characteristic, localization, 
rational homotopy, . . . We add another item to this list: the minimal model of M and F. In fact, considering the 
A{B)-&g module structure associated to F by means of the natural inclusion l: F <—>> B, we prove that the minimal 
model of F as an „4(i?)-dg module is the graded cone 

M{F) = A{B) ® V M{B,F), 

where i' : A4(B, F) — » A(B) is a degree map. This map is determined by i and will be described below. Observe 
that the minimal models M(M) and M{F) have, as ^4(i3)-graded modules, the same basis except for a shift by 2. 

We are also interested in the Borel space M~i = M x g i S 00 , where an „4(B)-dg module structure is defined by 
means of the canonical projection p: M~i — > B. We prove that the minimal model of M~i is the graded cone 

M(M s i ) = [A(B) (8) A(e)] ® q - [M(B, F) ® A(e)] , 

where dege = 2, de = and q'(b <S> e n ) = e'(b) ® e" + i'(b) (g) e™ +1 . This formula implies that the equivariant 
cohomology H i (M) (i.e. the cohomology of M g i ) can be computed using just basic data by means of the long 
exact sequence 

> [H(B)®A(e)] < -»flJi(M) ^ [F( J B,F)®A(e)]^ 1 [H(B) ® A(e)]' +1 -f • ■ • . 
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Moreover, when the Euler class vanishes, we prove that the equivariant cohomology of M is just 

H (B) © [H (F) ® A + (e)] . We also translate some classic results (Localization Theorem, equivariant formality, . . . 

) in terms of basic data. In connection with the minimal models of M, M § i and F the reader can consult [Q and 

§• 

Let us illustrate these results with the suspension of the Hopf action on S 3 . The north and south poles of the 
total space S 4 are the fixed points of the action and the orbit space is § 3 . We work in the category of A(a)-dg 
modules, where dega = 3. From the above formul we get: 

M{§ 4 ) = A(a) (8) R{l,c„ / n G N}, with 

deg c„ = 2P±2], dc = a, dci = 0, dc n+2 = a • c„. 

M{§°) = A(a) ® R{1,7„ / n G N}, with 

deg7„ = 2[2±1], dj = 0, dji = a, dj n+2 = a • j n . 

M(S 4 ®gi = A(e,a) <8 E{1, c„, / n G N}, with 

degc„ = 2[ Ii ± 3 -], dc — a, dc\ — e ■ a, dc n+2 = a • c n . 

The minimal model .M(S 4 ) (resp. A^(§°), resp. .M(§ 4 <8) g i S°°)) is a free A(a)-graded module over the cohomology 
H (Y n ) of the homotopy fiber of 7r (resp. Y L , resp. Yp). So, we find the following relations between the Poincare 
polynomials of these spaces: 

Py„ = 1 - t 2 + t 2 P Yl = (1 - t 2 )P Yp . 

We prove that these relations are generic if B is simply connected and of finite type. 

The main geometric tool used in this work are Verona's controlled forms In fact, when the set of fixed 

points F is not empty the orbit space B is not a regular manifold but a singular one, more precisely a stratified 
pscudomanifold. For a such space Z, Verona proved that the complex of controlled forms (Z) compute the 
cohomology of Z. We prove more: that the minimal models A(Z) and M(Z) can be computed using controlled 
forms. It is important to notice that the Euler form is not a controlled form, nevertheless it appears in this context 
as a morphism of A(B)-dg modules e: ff -> ft* +2 (5) (cf. Q). In the writing of M{M) (resp. M{F)) the 

operator e' (resp. i') is a model of e (resp. of the inclusion i: (B,F) 57 (B)). 

The starting point of the work is the observation that the cohomology of M can be computed by the graded 
cone Cl^(B) © e ^ V {B,F). This formula also applies to semi-free actions of S 3 So, all the results of this work 
extend to this kind of actions. A similar formula appears when one deals with an isometric action $ : R x M — > M, 
considering on B controlled basic forms instead of controlled forms (2j|. Again, we conclude that the results of 
this work apply to isometric flows. In particular, we get the inequality 

oo oc 

H r ~\(M,F)/T) +^dimi? r+2l ( J F) < ^ dimij' +2 '(Af), 

i=0 i=0 

when the flow is not trivial. 

On the algebraic side, we develop in some extend the Theory of dg minimal modules. This kind of minimal 
objects was previously studied by the first author (cf. |18 , p9t , [pp|) and independently by Kriz and May (cf. 



The organization of the work is as follows. First section is devoted to present the algebraic tools we need to 
work with A-Ag modules. In the second section we present the singular spaces we find when we deal with circle 
actions. Controlled forms are introduced in the third section. The main result of this paper is proved in the forth 
and last section. Four technical Lemma are proven in the Appendix. 

A manifold is considered to be connected, without boundary and smooth (of class C°°), unless otherwise is 
stated. The field of coefficients is R. 

We thanks Yves Felix, Steve Halperin, Pascal Lambrechts, Vicente Navarro Aznar and Daniel Tanre for their 
useful comments. The authors thank the referee for their useful indications. 



Convention. Through all this paper we will adhere to the following convention: minimal models in the category 
of dgc algebras will be denoted by A{— ). Minimal models in the category of dg modules will be denoted by M.(— ). 



Minimal models for non-free circle actions. 



3 



1 Dg-Module minimal models 



In this section we will develop the algebraic machinery necessary to prove Theorem 4.3.1; we define what is 
meant by a minimal factorization of a morphism of A-dg modules, prove its existence and uniqueness and a result 
concerning maps induced between them. 

1.1 A-dg modules. Let A be a dgc algebra. An A-dg module M is a graded vector space together with a 
product A ® M — ► M and a differential d: M — > M of degree +1 which satisfies Leibniz rule. Both graduations 
of A and M are over the non negative integers. A quasi-isomorphism (quis) is an A-dg module morphism which 
induces an isomorphism in cohomology. 

Let us begin with an immediate generalization of the cone of a morphism of complexes in the category of A-dg 
modules. Let f : M — ► N be a morphism of A-dg modules of degree peZ. This is the same as a degree morphism 
of A-dg modules 

¥>: M[-p] -> N 

where M[— p] means the A-dg module M shifted by — p; it is graded by M[—p] n = M n ~ v and the product 
P>M[—p\ '■ A (8> M[— p] — > M[— p] and the differential dM[- P ] '■ M[—p] — > M[—p] change signs according to 

H M {-p](a®m) = (-l) |o| * p /iM(a® m) 
d M[ _ p] (m) = (-l) p d M (m). 

We shall denote by N @w M the A-dg module graded by 

N®ipM = N®M[l-p] 

and with product and differential given by the formulas: 

y\ ( a -y 



x J \ (-1) a ■ x 

d <P \ ( y\ ( dy + Vx \ 

o {-iy- l d )\ x J { i-iy-'dx J ' 

where a ■ x denotes /Xjvf(a ® x). Finally, when we say that the sequence of A-dg module morphisms 

— ► M N P — > 
is exact, we simply mean that — > M n ^-^ N n -^-^ P n — > are usual exact sequences of A°-modules for all 

1.1.1 Remark. A short exact sequence of A-dg modules as above is the same as the quis of A-dg modules 



n. 



Lemma 1.1.2 Given a morphism <f: M — > N of A-dg modules of degree p, we have a short exact sequence of A-dg 
modules 

— > N M N ®ip M ^ M[l -p] — ► 0. 

Proof. Obvious. £ 
Associated to the above exact sequence, there is the long exact cohomology exact sequence of f: 

■ ■■ - H (N) ^4 H n {N M) ( °^* H n+1 - p (M) ^ H +1 (N) 

To end this elementary differential homological algebra, let us point out that a (degree p) homotopy between two 
A-dg module morphisms f,iji: M — > N of degree p, is an A-dg module morphism h : M — > N of degree p — 1, such 
that 

{-lfdh + hd = iP-<P. 

One can verify that this notion of homotopy coincides with the one defined in p0[ using a path object. 
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1.2 Minimal A-dg modules, (cf. |T(J, |]|, Q) Let Af be a A-dg module and n a non negative integer. A 
degree n Hirsch extension of Af is an inclusion of A-dg modules Af Af © (A © V ) in which: 

1. V is a homogeneous vector space of degree n, 

2. A®V" is the free A-graded module over V, and 

3. The differential of Af © (A © V ) is induced by the differentials of Af and A and the choice of a linear map 
d: V n -> M" +1 . 

A morphism of A-dg modules M © (A © F ) — > N is given by a morphism of A-dg modules <P : Af — > N and 
a linear map / : V — > A subjected to the condition Vod = do/. 

A minimal KS- extension of M is an inclusion of A-dg modules t : A/ — > N together with an exhaustive filtration 
{N(n, q)}( n .q)ei °f N, indexed by J = {(n, q) G N x N} with lexicographical order, such that: 

1. A(0,0) = Af, 

2. for q > 0, N(n, q) is a degree n Hirsch extension of N(n, q — 1), and 

3. N(n + 1,0) = limA(n,q). 

9 



1.2.1 Remark. N is therefore of the form Af © (A © F), where V is a bigraded vector space. This kind of 
objects plays the role of the KS-extensions of Q, noted B © AF, with the tensor product replaced by the direct 
sum and the free dg-algebra over V replaced by the free A -dg module over V. 

A minimal KS-factorization of an A-dg module morphism <P : M — > A is a commutative diagram of A-dg 
module morphisms 



(3) 




in which p is a quis and i is a minimal KS-extension. If Af is the zero A-dg module, we speak of minimal KS-modules 
and minimal KS-models. 



1.3 Models of A-dg modules. Let now (3) be any commutative diagram of A-dg module morphisms. In this 
situation, we will say that p is an M -morphism. If p is also a quis, we will simply say that it is a M-quis. A 
homotopy between two Af-morphisms which restricted to Af is the identity will be called also a M-homotopy. 

Alternatively, we could have said that p is a morphism of Af\DGM(A), the category of A-dg modules under 
Af. So, a minimal KS-factorization is, simply, a minimal model in Af \DGM(4) (see for the precise statement 
of this). 

Theorem 1.3.1 Let Abe a dgc algebra and let f : Af — > N be an A-dg module morphism such that : H (Af ) — ► 
H (N) is a monomorphism. Then there exists a minimal KS-factorization of f. 

Proof. See Appendix. 4k 



Corollary 1.3.2 Let A be a dgc algebra and let N be an A-dg module. Then there exists a minimal KS-model of 
N. 



Theorem 1.3.3 (cf. J7J/, JFfy) Let A be a dgc alqeora ana 

Af 



X 





M © (A g> V) 



a commutative diagram of A-dg module morphisms in which i is a minimal KS-extension and f is a quis. Then 
there exists an A-dg module morphism a: Af © (A © V) — ► X such that <jl = ip and fa = id. 
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Proof. See Appendix. 



* 



In other words, every M-quis whose target is a minimal KS-extension of M has a section which is also an 
M-morphism. This implies the uniqueness up to isomorphism of minimal models well known in other categories. 

Corollary 1.3.4 Two minimal KS- factorizations of the same M-morphism are M -isomorphic and the isomor- 
phism is unique up to M -homotopies. 



Proof. It follows easily from Theorem |l.3.3 , taking into account that M\DGM(i) is a closed model category in 
which all objects are fibrant (cf. |L7||, |20|, Corollary 2 to Proposition 1.15]). Jit 

Particularly, if we take M — 0, the zero A-dg module, we obtain 



Corollary 1.3.5 Two minimal KS-models of the same A-dg module are isomorphic and the isomorphism is unique 
up to homotopies. 

Given a morphism <P: M — > N of A-dg modules we will need to construct a model of N ®tp M. This will be 
done by means of the following results: 

Corollary 1.3.6 Let i P: M — > N be a morphism of A-dg modules and let pu'- M' — ► M and pn ■ N' — > N 

be two minimal models. Then there exists a morphism f' : M' — ► N' , unique up to homotopies, that renders 
commutative up to homotopy the diagram 



M' 



Pm 



■ M 



N' 



Pn 



N 



We will loosely say that V' is a model off. 



Proof. It follows from Theorem 1.3.3 and the model category structure Proposition 1.16]. 



Proposition 1.3.7 Consider the above diagram. Let h: M' — > N be a homotopy between Pop^ and pn°¥ ■ Then 



4> 



Pn h 
Pm 



: N' ®ip> M' — > N ®ip M 



is a qms. 

Proof. Let us verify that $ commutes with differentials. 
d V 

o (-irx 



Pn 


h 





Pm 


dpN 


-Pn 



Pn h 
pm 



d 9 

o (-i) p_1 d 



dp N - p' N dh + (-1) hd - (p N f - Pp M ) 







{-If d PM - {-If pud' 



And this is zero because pm and pn commute with differentials and h is a degree p homotopy between fop M and 
PN°f' ■ Next, we put $ in the following obviously commutative diagram with exact rows: 











N -»- N®(pM 



Pn 



M[l-p] 
Pm 







N > N' ®(p> M' 



M'[l-p] -+ 



And so $ is a quis by the long exact sequence of V and V 3 ' and the Five Lemma. 

Finally, we will need the following result concerning minimal dg modules and graded cones. 
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Lemma 1.3.8 Let L P: M — > A be a degree p morphism of A-dg modules, with M a minimal A-dg module. If 
M < ( 1 ~ p ) = then A (Btp M is a minimal A-dg module. 

Proof. 

Let M = A ® V. Then, as a graded module, A 1\4 = A ® (IR V). So we can define an exhaustive filtration 
in A M as follows. Let W(n, q) be the M-vector spaces 



W(n,q) 



if n = q = 

R if n = and q = 1 

V(n + 1 — p, q — 1) if tt, = and q > 1 

V(n + 1 - p, 9) ifn^O 



and put 



(4e^M)(n,?) = 48 W(m,r) 

\ (m,r)<(n,g) 

Then, all the inclusions (A (Bcp M)(n, q — 1) =— > (A M)(n, are degree n Hirsch extensions. 



1.3.9 Links with Topology. Before studying the relative case, let us show one example where these minimal 
dg-modules appear in topology. Let p: E — > B be a continuous map between two topological spaces. We have the 
induced morphism p* : A^(B) — > A^(E) between the real algebras of polynomial forms making A^(E) an A&(B)-dg 
module. Now, assume that B is connected, of finite type, with tti(B) acting trivially on H (Y p ) = H (Yp, R), where 
Y p denotes the homotopy fiber of p. Then, by the second Theorem of Eilenberg-Moore (see and B), we have 
that 

H(Y p )=Tor AuiB) (R,A R (E)). 

By [^0|, this differential torsion product can be computed with a minimal model of Ar(E) as an A^(B)-dg module. 
Let M(E) = A R (B) ® R V be this minimal model. Then 

H (Y p ) S H (M ® As(B) M(E)) = H (R ® Ar(b) (A k (B) ® F)) = V 

because R® J 4 R (s) (A^(B) ®V) = V has zero differential due to minimality. So, the known Hirsch-Brown model of 
E 

M(E) = A R (B) ® H' (Y p ) 

is a minimal model as A^(B)-dg modules. In particular, if we take B to be a point, we find that H (E) is the 
minimal model of Ag.(E) as a R-dg module. 

Extensive use of the minimal Hirsch-Brown model for the Borel construction is made in M. 

1.4 Models of couples, existence and uniqueness. In fact, we will need something more than simply dg- 
minimal models over a fixed R-dg algebra. The process we are going to perform is the following: starting with an 
A-dg module M, we are going to compute first the dgc algebra minimal model of A: 

p-.A'^A 

(i.e., the classical Sullivan minimal model). Then, by means of the dgc algebra quis p, we will make M an A'-dg 
module by defining the product with elements of A' by 

a ■ m — p* (a) ■ m, 

where the product in the right-hand side is the product of M as an A-module. Let us note p*{M) for the dg module 
M with this structure of A'-module. Finally, we will compute the minimal model of p*(M) as an A'-dg-module: 

f: M' -=-> p*{M). 

In other words, we will compute the minimal model of the couple (A, M) in the category DGM of modules over 
all algebras. The objects of this category are couples like (A,M). Morphisms are also couples 



(/,¥>): (A,M)^(B,N) 
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where / : A — > B is a morphism of dgc algebras and f : M — > TV is an dg-module f -morphism; that is to say, a 
morphism of >l-dg modules M — > f*(N). In other words: 

¥>(a • m) = /(a) • V(m) for all a E A, me M. 

The algorithm we have described brings us the "true" minimal model 

in the sense that the couple (A', M') is unique up to isomorphism (of DGM) and the couple of quis (p, V) is also 
unique up to homotopies (of DGM): this follows from pOl Theorem 3.4], which tells us that the couple (A, M) is 
minimal in DGM if and only if A is a minimal ]R-dgc algebra and M is an A-Ag minimal module. 

2 Stratifications and unfoldings 

We fix in this work an effective smooth action <I>: S 1 x M — > M (non-trivial!). The orbit space of the action is B 
and 7r: M — > B is the canonical projection. The action $ induces on M a natural stratification by classifying the 
points of M according to their isotropy subgroups. This stratification is invariant by the action of S , so the orbit 
space B also inherits a stratified structure. In this section we specify these facts. 

2.1 Stratifications. A stratification of a paracompact topological space Z is a locally finite collection Sz of 
disjoint connected manifolds called strata, such that 

i) Z= \_\ s. 

ses z 

ii) S OS 7 ^ 9 ^ S CS 7 (and we write S < S'). 

iii) (Sz, <) is a partially ordered set (poset). 

iv) There exists an open stratum R which is the maximum. 

We shall say that Z is a stratified space. Note that R, called regular stratum, is necessarily dense. A singular 
stratum is an element of Sz different from R. We shall write S^™ 9 for the family of singular strata and Sz C Z 
for its union. The length of Z, written len Z, is the biggest integer n for which there exists a chain Sq < Si < 
■ ■ ■ < S n of strata. In particular, len Z — if and only if Z is a manifold endowed with the stratification 
Sz = { connected components of Z}. Notice that the length is always finite. 

A continuous map (resp. homeomorphism) /: Y — > Z between two stratified spaces is a morphism (resp. 
isomorphism) if it sends the strata of Y to the strata of Z smoothly (resp. diffcomorphically) . We shall write 
Iso(Z) the group of isomorphisms between Z and itself. A morphism f:Y Z induces a poset morphism 
fs- Sy Sz by putting fs(S) D f(S). We shall say that / is a strict morphism if the map fs is strictly 
increasing. 

2.1.1 Examples. Through this work we shall find the following kinds of stratification. 

(a) On a connected manifold N we always may consider the 0-length stratification Sn — {N}. A stratum S C Z 
inherits from Sz such a stratification. 

(b) Any open subset W of Z inherits naturally from Sz a stratified structure satisfying len W < len Z. The 
stratification is Sw = {connected components of S (1 W / S G Sz}- Notice that the inclusion W '—* Z is a 
strict morphism. 

(c) Suppose Z compact. On the product NxcZ, where cZ is the cone Zx [0, 1[ / Zx {0}, we have the stratification 

SnxcZ = {N x Sx]0,l[ I S e S z } U {N x {vertex of cZ}}. Notice that len N x cZ = len Z + 1. A point 
of cZ will be denoted by [x, tj with (x, t) E Z x [0, 1]. The vertex d of cZ is [x, 0]. 

Unless otherwise stated, we assume that the spaces W , cZ and N x cZ are endowed with the stratification 
described above. Later on, we shall show how $ determines a natural stratification on M and B. 
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2.2 Stratified pseudomanifolds. When the strata are assembled conically we find stratified pseudomanifolds. 
We introduce this notion. An open subset W of a stratified space Z is said to be modelled on the stratified space 
L if there exists an isomorphism f: M™ x cL — > W . The pair (W, V) is said to be a c/iart of Z. A family of charts 
{(W, f)}, where the family {W} is a covering of Z, is called atlas. 

We shall say that the stratified space Z is a stratified pseudo-manifold if there exists a family {Ls} SeS »>ng 
of stratified pseudomanifolds such that for any point x E Sz we can find a chart (W, <P) modelled on Ls with 
V(0, i?) = a;, where S is the stratum of Z containing x. The space L$ is the Zmfc of the stratum S. 

This definition makes sense because it is made by induction on the length of Z (len Ls < len Z). A stratified 
space with len Z = is always a stratified pseudomanifold. Each of the examples given in 2.1.1 is a stratified 
pseudomanifold when Z is a stratified pseudomanifold. This definition is slightly more general than that of stratified 
pseudomanifold of || since we allow the singular strata to have codimension 1. 

2.3 Unfoldings. The computation of the cohomology of a stratified pseudomanifold Z using differential forms 
is possible using the controlled forms of Verona |24j ; but we need some extra data on Z so that these controlled 
forms will make sense. The original definition uses a system of neighborhoods of singular strata subjected to 
some compatibility conditions. A more comprehensive and less technical alternative is presented in |pl| where a 
desingularisation of Z is used. With this blow-up, the controlled forms of M and B are more easily related. In this 
work we follow this point of view. 

Consider Z a stratified pseudomanifold. A continuous map C: Z — > Z, where Z is a (not necessarily connected) 
manifold, is an unfolding if the two following conditions hold: 



1. The restriction Cm '■ £-m(R) — > -R is a local diffeomorphism. 



2. There exist a family of unfoldings {£l s '■ Ls — > Ls} SeS s 
(U, f) e A there exists a commutative diagram 



and an atlas A of Z such that for each chart 



r x l s x] 



i, ir 



Q 

R™ x cL s 



c 2 



u 



where 



a) f is a diffeomorphism and 

b) Q{xi, ... ,x n ,C,t) = (xi, . . . ,x n , [£i s (0, 1*13)- 

This definition makes sense because it is made by induction on the length of Z. When len Z = then Cz is 
just a local diffeomorphism. The restriction Cz '■ Cg 1 (S) — > S is a fibration with Ls as a fiber, for any singular 
stratum S. 

For each of the examples of 2.1.1 we have the following unfoldings: 

(a) N — N and Cm — identity. 

(b) W — C' Z 1 (W) and Cw = restriction of Cz- 

(c) ff^Z = N x Zx] - 1, 1[ and C NxcZ (y, x, t) = {y, \C z {x), \t\j). 



A morphism / : Y — > Z between two stratified spaces, endowed with unfoldings Cy :Y^Y and C z '• Z — * Z, 
is a liftable morphism if there exists a smooth map f : Y —> Z with Cz°f = Cz°f ■ Each </? is a liftable morphism. 
The inclusion VT c — > Z is a liftable morphism. 

From now on Z denotes a stratified pseudomanifold endowed with an unfolding Cz ■ Z — > Z. 



2.4 Stratifications induced by the action. We present the structure of stratified pseudomanifold of M and of 
the orbit space B. For technical reasons we need to consider only in this paragraph a smooth action $: G x M — > M 
of a closed subgroup of the unit circle S on a manifold M. The properties listed below follow mainly from the 
Slice Theorem (see ||). 
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• Stratification. Consider on M the equivalence relation ~ defined by x ~ y if G x is equal to G y , where 
G z = {g £ G / $(3, z) = 2;} denotes the isotropy subgroup of a point z £ M. Each of the equivalence class of ~ is 
an invariant sub-manifold of M. The family 5a/ of the connected components of the equivalence classes given by 
this relation defines a stratification on M. The family Sb = {t(S) / S £ 5m} defines a stratification on the orbit 
space B. When G is connected the map tts is bijective and therefore tt is a strict morphism. 

We shall write Gs for the isotropy subgroup of a point (and therefore any point) of a stratum 5. Notice that 
Gs is a closed subgroup of G. According to this subgroup there are three types of strata: regular stratum (Gs is 
1), exceptional stratum (Gs is finite different from 1) and fixed stratum (Gs is S ). Notice that the restriction of 
the canonical projection ir : M — > B to S is a principal fibration over ir(S) with fiber G/Gs- We shall write F for 
the union of fixed strata. We shall identify F C M with tt(F) C B by it. 

• Links. For any singular stratum S C M fix a point a; on it and put §™ s the unit sphere of a slice transversal 
to the stratum S at x. The action $ induces the orthogonal action $5: Gs x §™ s — > §™ s ; this action has not 
fixed points (almost free action). Notice rc-s is necessarily even for a fixed stratum. The link of S is the sphere 
S" s endowed with the stratification induced by &s- The link of n(S) is the quotient space S™ s /Gs- Notice that 
this link is homologically a sphere or a real projective space when S is an exceptional stratum [Q and a complex 
projective space when S is a fixed stratum [ |l6| |. 

• Unfoldings. It is proven in IQ that M possesses an equivariant unfolding Cm ■ M — > M (relative to a free 
smooth action $: G x M — > M) in such a way that the induced map : M/G — > -B is an unfolding of £?. 
Moreover, if 7?: M — > M/G is the canonical projection, we have Cb°tt — it°£m- So, the morphism 7r is liftable. 



3 Controlled forms 

Controlled forms were introduced by Verona to compute the cohomology of a stratified pseudomanifold Z using 
differential forms p4j . We present this notion in this paragraph, following the approach of 

3.1 Definitions. A differential form on the regular stratum i? of Z is said to be liftable if there exists a 
differential form 5 on Z, called the lifting of ui, verifying: ui = C* z u on C~^ 1 (R). By density the lifting is unique. 
The differential form uj can be tangential or transversal to the strata; in the first case we get controlled forms and 
in the second case we get perverse forms. 

A liftable form lu is a controlled form if it induces a differential form u>s on each singular stratum S, that is, 
cD L_i,„, = £%u>s- So, we can see ui as the family of differential forms {wg £ £l(S)}ses z - 

We shall write Q (Z) the complex of controlled forms (or the deRham- Verona complex). This subcomplex 
of the deRham complex £l(R) is in fact a dgc algebra. To see that, notice that if the differential forms ui and 
77 are controlled, then the differential forms to + 77, uj A rj and dio are also controlled since, for each stratum S, 

they verify: lo + r)\ c -i( S ) = ^Ic^iS) + ^\c~^{S) = Us + w A ^Ic-'iS) = ^l/r^S) A ^L" 1 ^) =w sA ?7s, and 

duJ \c-\s) = d ^\c-\s) = duj s- 

For a stratum S", we have the restriction operator Rs : f2 (^) — » ^(5), defined by Rs(ui) — ujs, which is a dgc 
algebra operator and therefore endows f2 (S) with a structure of £1^ (Z)-dg module. 

Proposition 3.1.1 When S is closed the restriction operator Rs - ^ (Z) — ► O(iS') is onto. 

Proof. Fix (J7, 0) a chart of A Consider a: W 1 — » M and /3: ] — 1, 1[— *■ K two smooth maps taking the value 1 on a 
neighborhood of 0. The map/: Z — S — > E defined from f<j)(x\, .. . ,x n ,[C,t]) — a(xi, . . . ,x n )-[3(t) is a controlled 
form. In fact, its lifting is the smooth map /: Z — » K defined from f<j>(x\, . . . , a;„, [C, t]) = cc(xi, . . . , x n ) ■ [3(\t\) 
which is constant on the fibers of Cz ■ A standard argument shows that there exists a partition of unity subordinated 
to A. 

We reduce the problem to show that Rs : Q (U) — > (U n S 1 ) is onto. Since 5 is closed then {/ n 5 is the lowest 
stratum of U and therefore the question becomes: is the restriction operator i?Rn : !J b (R" x cLs) —> ft(W l ) onto? 
And the answer is clearly yes. X 



3.2 Relative controlled forms. Consider Y a union of strata of Z. A relative controlled form on (Z, Y) is a 
controlled form on Z vanishing on Y, that is, uis = for each stratum ScF. We shall write tt v (Z, Y) the complex 
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of relative controlled forms, which is a dgc algebra. If we consider the restriction operator R Y = Rs ■ Cl v (Z) 



ci 



(y= |J S] = J[ Cl (S) then we can write Cl v (Z, Y) = Ker R Y . 

V SCY ) SCY 



SCY 



The wedge product A : Cl {Z)xCl (Z,Y)- 



Cl (Z, Y) endows Cl (Z, Y) with a structure of Cl (Z)-dg module. 



The natural inclusion CI (Z, Y) ^-t Cl (Z) is a morphism in the category of CI (Z)-dg modules. 



3.3 Controlled model. The deRham- Verona complex Cl (Z) depends on the unfolding chosen, but for a strati- 
fied space its cohomology does not: H (Cl v (Z)) = H(Z), the singular cohomology with real coefficients (cf. p4| , plj 
where controlled becomes zero perversity) . But we have a stronger result at the level of dgc algebra minimal models. 
Recall that the dgc algebra minimal model A(Z) of Z is just the dgc algebra minimal model of Ar(Z), the dgc 
algebra of polynomial differential forms on the simplicial set Sing(Z) of singular simplices of Z. The dgc algebra 
Cl^(Z) is easier to handle than A R (Z), but we need to know that their dgc algebra minimal models are the same. 
This follows immediately from the following Theorem (cf. fiofl ). 

Theorem 3.3.1 Let Z be a stratified space. Then there exist two quis of dgc algebras 



n (z)-^.^-Ar(z) 



Proof. See Appendix. 



3.4 Relative controlled model. As in the absolute case (cf. Theorem 3.3.1), the model of a morphism 
/ : Z 1 — > Z between two stratified spaces can be computed, under certain conditions, using controlled forms instead 
of polynomial forms. These conditions involve the unfolding: 

[PI] / preserves controlled forms: f*uj G Cl (Z 1 ) for any uj £ Cl (Z) 

[P2] / preserves liftable simplices (see Appendix for the exact definition). 

We shall say that / satisfying the two conditions is good. 



For good morphisms at least, we have a relative version of Theorem 3.3.1 



Theorem 3.4.1 Let f: Z' 

of dgc algebra morphisms 



Z be a good morphism of stratified spaces. Then there exists a commutative diagram 



/* 

Cl v (Z) 



P2 



Pi 



P-2 



A R (Z') 

r 

A R (Z) 



in which the horizontal arrows are quis. 
Proof. See Appendix. 

The two examples of good morphisms used in this work are described in the following proposition. 
Proposition 3.4.2 The projection it: M — > B and the inclusion i: F B are good morphisms. 
Proof. See Appendix. 



4 Models for M and F 

This section is devoted to constructing the minimal models of M and F in the category of differential graduate 
models over the dgc algebra minimal model A(B) of B. As in other contexts (Euler-Poincare characteristic, 
Localization Theorem, rational homotopy theory,...), these two models are intimately related, in fact, they are free 
^4(S)-graded modules over the same (up to a shift) graded vectorial space. 
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4.1 Model of a stratified space. Let Z be a stratified space. As we showed in Theorem |3.3.1 , its minimal 
model as a dgc algebra can be computed from fl (Z). So let 

pz. A(z)^n v (z) 

be a quis of dgc algebras, with A{Z) a minimal one. Next, let /: Z 1 — > Z be a good morphism. Then we can 
endow (Z') with a structure of A{Z)-dg module by means of the composition 

A(z) n e (z) -A 

Since we will always consider this structure of module in f2 (Z') we shall not write p^f*(fl (Z')) but simply 
Q, (Z'). In the same way, we also consider Ar(Z') as an „4(Z)-dg module. 

Proposition 4.1.1 The minimal models oftt (Z') and Ath(Z') as A(Z)-dg modules are isomorphic. 



Proof. It follows from Theorem 3.4.1. The commutativity of the diagram given by this result means that p[ and 
p' 2 are quis of „4(Z)-dg modules. Jft 

Let us denote by Ai(Z') this minimal model as A(Z)-dg module. It obviously depends on / but not on the 
several choices we have made in this construction: the dgc algebra A(Z), the quis pz and the A(Z)-dg module 
minimal model of fl (Z 1 ) (or Ar(Z')). Despite all these choices, the A(Z)-dg module minimal model Ad(Z') is 
unique up to isomorphism by section 1.3. 



4.2 Minimal model of F. The fixed point set F plugs into the category of _4(i?)-dg modules through the 
natural inclusion i: F B, which is a good morphism. We have already seen in section 3.2 that £1 (B,F) is an 
O u (-B)-dg module and therefore an _4(i?)-dg module. We shall write A4(B,F) for the relative minimal model of 
(B, F), that is, the minimal model of fi^ (B, F) as ^4(_B)-dg module. Notice that the inclusion i : f2 (B, F) fl^ (B) 
is an „4(B)-dg module morphism. We shall write i 1 : A4(B, F) — > A(B) any of its models (see Corollary 1.3.6). The 
degree of i and i' is 0. 



Proposition 4.2.1 

(4) 



M(F)=A(B) ffij/ M(B, F). 



Proof. Consider the exact sequence -> ti v (B,F) Q v (B) ^ 0(F) -> (cf. Proposition |3.1.l| ). Then by 
Remark 1.1.1 we have a _4(i?)-dg module quis between CI (B) ©j Cl^(B,F) and Cl(F). So, by Proposition 1.3.7 we 
have a ,4(i?)-dg mo dule qu is between A{B) (Bi> M(B, F) andfi(F). Since A{B) ® v M(B, F) is a minim al A(B)-dg 
module (cf. Lemma 1.3.8) then by uniqueness we get M(F) — A(B) ©j/ M(B,F) (cf. Corollary 1.3.5). ft 



Corollary 4.2.2 Suppose B of finite type and simply connected, then A4(B,F) is the free A(B)-graded module 
generated by H (Y L ). 

Proof. From section 1.3.9 we know that Ai(F) is a free ^l(_B)-gradcd module over H (Y L ) and therefore Ai(F) — 
•A(B) ®h A(B) ® H(Y U ) for some h of degree 1. From the above Proposition we get the result wanted. Jit 



4.2.3 Remarks 

• M of finite type B of finite type. From || we know that if M is of finite type then F and (B, F) are of 
finite type. Using the long exact sequence associated to (B, F) one gets that B is also of finite type. 

• M simply connected =^ B simply connected. Considering twisted neighborhoods of orbits (cf. one easily 
checks that a loop on B lifts in a path on M. Since the orbits of M are connected, we are done. 

4.3 Minimal model of M. The fundamental vector field X of the action is defined by X(x) = Ti$ x (l), where 
x £ M and $> x : § — > M is given by & x (g) — ®{g, Since this vector field does not vanish on R we can consider 
the dual form X € f2 (i?), relatively a riemannian metric /i on R. When this metric is good (cf. [|l2|) the derivative 
dX is a basic form relatively to the projection ir: R — > ir(R). So, there exists a differential form e £ (tt(R)) 
verifying = 7r*e. Both differential forms, X and e, are liftable. We shall say that e is an Euler form. They are 
not controlled forms because their restrictions to the links of fixed strata do not necessarily vanish. But the maps 
X : fl v (M, F) -> fl v (M) and e : fl v (B, F) -> £\ (5), given by 7 i-> X A 7 and w i-> e A w, are well-defined A(B)-dg 
module morphisms. We shall write e' : M(B, F) — > A(B) a model of e. Notice that the degree of e and e' is 2. 

The main result of this work is 
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Theorem 4.3.1 



(5) 



M(M) = A(B) ® e , M{B,F). 



Proof. Put Ifl^(M) = {uj G fl v (M)/ Lxui = 0} the complex of invariant controlled differential forms. We have seen 
in jl^] that the inclusion 7X2^ (M) <^-> ft (M) is a dgc algebra Qitis. We endow Itt^ (M) with the natural structure 
of ^4(B)-dg module by means of the composition 



A(B) n (B) 



n (M), 



which is well defined since 7r*(Q v (B)) C Ifl v (M). The inclusion Ifl v (M) ^ Q v (M) is now a gwis of A(B)-dg 
modules . Each invariant differential form u> is written uniquely asw = 7r*a + X A 7r*/3; when uj is controlled then 
a G O (f?) and /3 G 57 (-B, F) because X is tangent to the links of fixed strata. So, the operator 



(6) 



A : Vt v (B) © e fi u (B, F) — > /fi^ (M), 



given by A(a, /3) = 7r*a + X A 7r*/3 is an ^4( _B)-dg module isomorphism and therefore A(B ) (B e ' M.(B, F) is a model 
of M as „4(-B)-dg module (cf. Proposition 1.3.7). Minimality again follows from Lemma 1.3.S|. & 



4.3.2 Remarks. 

a) Formul ([|) and (|J) show that M{F) and M{M) are free _4(-B)-graded modules over the same (up to a shift 
by 2) basis. 

b) This theorem contains the classic result saying that, when the action is almost free (that is, F — 0), the dgc 
algebra minimal model of M is A(B) (g) A(x) with degx = 1 (cf. Q). Let us see that. 

In this case A4(M) = A(B) © e / A(B) and e' is the multiplication by a certain e G A{B) of degree 2. The 
quis of „4.(£?)-dg modules we have constructed n: A4(M) — > 57 u (M) verifies n(a,b) = a ■ 1 + b ■ n(0, 1). Consider 
on A^(M) the product given by (a, 6) • (a', 6') = (a ■ a' ,a ■ b' + (— l) d °s a ft . a '). A straightforward calculation gives 
that n is a quis of dgc algebras. But the two dgc algebras M.(M) and A(B) Cg) A(x) are quasi isomorphic by using 
(a,b) i-> (a®l + b®x). 

We establish now some consequences of these results. 

4.4 Poincare polynomial. Given a topological space X we shall write Px its Poincare polynomial, that is, 
Px{t) = ^ dim if" (X) -t n . 

n>0 

Corollary 4.4.1 Suppose B of finite type and simply connected, then 1 — Py^ = t 2 (l — Py t ). 



Proof. We have seen in Proposition |4.2.2 that Ai(B,F) is a free „4(f3)-graded module over H (Y" t ). Applying 



the same method to 7r we get that Ai(B,F) is a free „4(f3)-graded module over H (Y„). So, dim/f = 1, 
dim H 1 (Yx) = 0, dim H* (Y„) = dim h"(Y l ) - 1 and dimiT^) = dim H™~ 2 (Y L ) for n > 2. This gives the result. 



4.5 Vanishing of the Euler class. Actions with vanishing Euler class [e] G H (B — F) have a particular 
status (cf. jl^] for a geometrical interpretation). We show in the sequel how jii(M) contains information about 
the Sullivan minimal model of M in this case. 

When the Euler class vanishes we can choose a convenient riemannian metric on M so that e itself vanishes (cf . 
UJ). Thus e' = 0. The minimal model M(M) is of the form A(B) ® E with E = R and dE C .4(5) <g> E + . It 
supports a dgc algebra structure by putting on E the trivial product: 1 • v = v ifveE and E -E = 0. This dgc 
algebra structure shall be said naive. It contains the following information about M . 

Corollary 4.5.1 // the Euler class vanishes then the naive dgc algebra structure of A4(M) has the same real 
homotopy type of M . Moreover, ttI(B) injects intoir^(M). 

Proof. The operator A : O (B) © ^ (B, F) — > f2 (M) is a quis of .4(£?)-dg modules which becomes a quis of dgc 
algebras when considering on the source the following product: 



(7) 



(a, (3) ■ (a', 0') = (a • a', (-l) dcga a • + (_i)dcga'-dcg/3 a / . ^ 
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This dgc algebra contains the real homotopy type of Af . 

Put P(b,f) '■ -M(B, F) — > fi (B, F) the relative minimal model of (B, F). The operator 

Pb © P( B) F) : M(M) = A{B) ® M(B,F) —>Q V (B) © & v (B,F) 

is a gms of „4(-B)-dg modules which becomes a gms of dgc algebras when considering the product (Q) in both terms. 
This dgc algebra contains the real homotopy type of Af . Notice that the dgc algebra structure on A4(M) given by 
(0) is just the naive structure. This gives the first part of the Corollary. 

We shall write A(B) = AY, with differential d, and M(M) = AY ® E, with differential d. We have d| A y = d 
and dE C AY" ® E + . This last property allows us to construct a KS-extension 



(AY", d) - (AY © E, d) 




{AY ® AX, S) 

verifying f {AY = id AY and <P(X) C AY® E + . Recall that tt*(B) = H(Y,d Q ) and 7r*(Af) = if (YffiX,(5 ), where 
do and Sq are the linear part of d and 5 respectively. 

Since (AY, d) is minimal we just have do — and therefore tt^(B) = Y. On the other hand, the composition 

8 = X 4 AF ® AAT pro i^ ion AY pro i^ ion y vanishes: if x e X then ¥>(fe) = d(Va;) £ d(AY ® E + ) C AY ® E + . 
So, 7ri(M) = Y © if (X, <5 ) and the proof is finished since ir* becomes the inclusion Y <-* Y © (X, S ). ♦ 



4.5.2 Remarks. 

a) When B is also contractible then A4(M) — E is just a dgc algebra with trivial product and, by minimality, 
with zero derivative. In other words, M is a wedge of spheres. 

b) The Gysin sequence associated to (H) implies that the cohomology of B injects into the cohomology of M; 
in fact, we have the short exact sequence 

-> H (B) -> fJ* (Af ) -> (B, F) -» 0. 

The last statement of the Corollary implies that, when M is of finite type and simply connected, we have the 
following short exact sequence 

— > n*(B) ® M. — > it* (Af) © E -> tt*(Y ot ) ® R -> 0. 

c) The naive structure of A4(M) appears when e' = 0, but the previous result needs the vanishing of the Euler 
class itself as is shown in the following example. Consider the action $ : § xCP™ — » CP™ given by z-[zq, z\, . . . , z„] = 
[20, x ■ Zi, . . . ,z-z n ) (in homogeneous coordinates) . Here the fixed point set is F — CP U CP™~ 1 and the orbit space 
B is the closed cone over CP" . So, B is acyclic and e' = 0. The Euler class does not vanish since it generates 



H (B-F) = H (CP n " 1 x]0, 1[) = R. The minimal model we have computed in Theorem [4.3. l| is M(CP n ) 

E ©o H (CP U CP"" 1 ) . Considering on it the naive structure we get 7W(CP") = H " (§ 2 V § 4 V • • • V § 2 ") as dgc 
algebras. But clearly this dgc algebra does not contain the real homotopy type of CP™. 



4.6 Cohomological dimension. Write dime (X) for the cohomological dimension of the topological space A", 
that is, dime (X) = sup{n e N / H" {X) ^ 0}. 



Corollary 4.6.1 Under the hypothesis of Corollary J^.J^.l , if dime (B) and dimc(Y 7r ) are finite then dime (AT) 
dime (F) or dime (F) + 2. 



Proof. From Corollary 4.4.1 we get dime (Y v ) — dime (Y t ) = or dime (Y w ) = dime (Y t ) + 2. Now considering the 
homotopy fibrations associated to ir and 1 we get dime (Af) = dime (B) + dime (Y w ) and dime (F) = dime (B) + 
dime (Y t ) and then we get the result. X 

We find examples of this situation when M = C™, where S 1 acts by complex multiplication, and Af = S™+ 2 = 
S 1 * §™, where § acts by multiplication on the first factor and trivially on the second factor. When Af is compact 
and oriented the condition dime (Af ) = dime (F) = does not occur and the condition dime (Af ) = dime (F) + 2 is 
equivalent to saying that F possesses a connected component of codimension 2. This is also equivalent to the fact 
that B has a boundary. So, under the conditions of Corollary 4.4.1, if dime (B) < 00 and B has no boundary then 
dime (Y„) = dime (Y t ) = 00. 



Minimal models for non-free circle actions. 



14 



4.7 Equivariant cohomology. 

The equivariant cohomology of Af is the cohomology of the quotient space Af g i = Af x g i §°°, written H t (Af). 
The natural projection p: Afgi — > F induces a natural structure of „4(F)-dg module on Afgi . Here we compute the 
equivariant minimal model of Af, that is, .Mgi (Af) = A4(ALi). 

We shall write A(e) the polynomial algebra generated by an element e of degree 2. The trivial „4(F)-dg module 
structure will be considered on it. The main result in this framework is 

Theorem 4.7.1 If the fixed point set F is not empty, then 

(8) M s i (Af) = [A(B) ® A(e)] 6V [M(B, F) ® A(e)] , 

where q'(b®e n ) = e'(b) ® e™ + © e™ +1 . 

Proof. The equivariant cohomology can be computed using the complex Qj (M) = ID(M) ® A(e), endowed with 
the derivative d(w €5 e") = (eflw) <g> e™ + (ix<^) <8> e n+1 . Here denotes the contraction by X. Proceeding as in ]2l] , 
p. 213] one shows that the two dgc algebras ICl(M) and 7T2 (Af) are quasi-isomorphic. Therefore the equivariant 
cohomology of Af is computed by using ID, (Af) © A(e) and p induces the operator F: D (B) — > JO (Af) © A(e) 
defined by P(a) — ir*a © 1. Under these transformations the .A(F)-dg module structure on ID (Af ) ® A(e) is given 
by: 

a-(u®e")=P(pjj(a))-(u«e"), with a e A{B),oj e ID^M). 

Now we compute the minimal model of ID (Af ) © A(e) relative to this structure. 

The A(B)-dg module isomorphism A: D^(B) © e D v (B,F) — ► ID (Af) induces the ,A(F)-dg module isomor- 
phism 

V: [D v (B)®A(e)]® q [D v (B,F)®A(e)] — ► 10, (Af) ® A(e), 

where q(j3® e") = (/? A e) ® e" + i(/3) © e™ +1 . Proceeding as in Theorem 4.3.1 we get that a model of ID (Af) © A(e) 
is just [A(B) © A( e)1 ©„ / [.M(F, F) © A(e)] , where © e n ) = e'(b) ®e n + «'(&) © e" +1 . This model is minimal 
because of Lemma 1.3.8. £ 



Notice that for the almost free case (F = 0) we have obtained the following non-minimal „4(F)-dg module 
model: \A{B) © A(e)] ®i>® e [A(B) © A(e)]; the minimal one is just A(B). 



4.7.2 Remarks 

a) Poincare polynomial. When F ^= 0, B is of finite type and simply connected th e rela tion between the 
homotopy fibers of p and ir is given by Fy w = (1 — i 2 )Fy p (same proof as that of Corollary 4.4.1 ). 

b) Extension of scalars. The complexes fi i (Af ) and -Mgi (Af ) naturally support a structure of A(e)-dg module. 
The „4(F)-dg module quis we have constructed is in fact a A(e)-dg module quis. For this structure, the extension 
of scalars of M s i (Af) is just M.(M), that is, M ©A( e ) -^g 1 (Af) = M(M). In other words, the model of the fiber of 
Af -> Mg -> B is "the fiber of the model" (cf. @). 

c) Vanishing Euler class. Since e' = one gets that A-lg(Af) is isomorphic to -4(F) © [A4(F) © A + (e)] , relative 
to both module structures. We conclude that the cohomology of B injects into the equivariant cohomology of Af , 
that is, we have in fact the following exact sequence — ► H (B) — > H % (M) — ► H (F) © A + (e) — ► 0. 

d) Equivariant cohomology. Formula (||) says that we can compute the equivariant minimal model A4 g i (Af ) in 
terms of basic data: i', e' : -M(F, F) A{B). The equivariant cohomology F g i (Af) can also be computed in terms 
of basic data. In fact, the short exact sequence — > A(B) © A(e) — > .Mgi (Af) — > Ai(B, F) © A(e) — > associated 

to(F 



(cf. Lemma 1.1.2) gives the long exact sequence 



► [H (B) © A(e)] — » ifgi (Af) — > [F (F, F) © A(e)] [H(B) ® A(e)] 

which determines F t (A/) in terms of i*, e* : F(F, F) =4 H{B). 

e) Equivariantly formal spaces. Put r: Af — ► Afg the inclusion given by t(x) = class of (x, 1). The manifold Af 
is equivariantly formal if the restriction map r* : H gl (Af) — » H{M) is surjective (cf. ||, ||). We can translate this 
condition in terms of basic data by considering the following commutative diagram 



H\M) 



[F(F,F)©A(e)] 

m 

H'-\B,F) 



[F(B)©A(e)] 

m 

//•(F) - 
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where 9?(^[a„] ® e") = [a n ]. Since the restriction D\: Cokcr q* — » Coker e* is surjective then the manifold M 
is equivariantly formal if and only if the restriction <7 R: Ker q* — > Ker e* is surjective. In other words, any string 

[ao] ^ fits into a string ^— [a n ] [f3 n ] *— • • • — > [/?o] [ a o] — + 0. 

f) Localization Theorem. This Theorem asserts that the restriction map Hp : M — > F induces an isomorphism 
between their localizations S -1 if_i (M ) and S^ 1 H sl (F). We can translate this Theorem in terms of basic data 
saying that the map 

V:H(B, F; S" 1 A(e)) — ► (F, F; S -1 A(e)) , 

defined from V([w]) = e • [uj] + [u> A e], is an isomorphism. This comes from the fact that the Localization Theorem 
is equivalent to the vanishing of (M, F) and from the exact sequence 

> [H(B,F) <g> A(e)f ->H sl (M,F) -> [if (-B, F) ® A(e)f _1 -C [ff (F, F) <g> A(e)f +1 

obtained proceeding as in d). In fact, for S — {l, e p , e 2p , . . . }, the inverse of V is given by 

p-i 

V- X ([u;]) = ^^(-l)(»+ 1 )P- 1 -i( e -*')™+V • [w A e P(™+ 1 '-^ 1 ], which makes sense since the differential form e m 

n>0j=0 

vanishes for large enough m. 

4.8 Semifree § 3 -actions. The results developed until here for circle actions extend directly to semifree S 3 - 
actions. This comes essentially from the fact that formula (^) applies (up to a shift) here (cf. ^2|). We don't give 
all the results but just the main one. 

Consider $:§ 3 xM-»Ma semifree smooth action of § 3 on a smooth manifold M. Write F the submanifold 
of fixed points. Semifreeness means that § 3 acts freely on M — F. The orbit space B is a stratified pseudomanifold 
whose singular strata are the connected components of F. The inclusion l: F B induces the inclusion operator 
i : Q (B, F) — ► fl (B) which is an „4(F)-dg module morphism of degree 0. Here the Euler form e lies on ft (B — F) 
and induces the „4(F)-dg module morphism e: Q, (B,F) — ► fl (B) of degree 4. The ^4(F)-dg module minimal 
models of these operators are i' and e' respectively. The main result in this framework is 

Theorem 4.8.1 

M(M)=A(B) ® e ,M(B,F) 
M(F)=A(B) ®i,M(B,F) 

Proof. Follow the path taken in the Theorem 4.3. l| . Jit 



4.9 Isometric flows. An isometric flow is a real smooth action $: M x M — > M preserving a riemannian metric 
/i on the smooth manifold M. The fundamental vector field X of the action is a Killing vector field. We shall 
write T the singular foliation determined by the orbits of the action. The fixed point set is a manifold written 
F. Notice that in this case the orbit space B = M/M. can be very wild (even totally disconnected!). For this 
reason it is customary to work with "basic objects" (objects living on M transverse to the flow and invariant by 
the flow) instead of working directly with the objects living on B. For example, a basic form is a differential form 
on M which is transverse to the flow (ix^ = 0) and invariant by the flow (Lxlo — 0), a basic controlled form is a 
controlled form on M verifying ix^ = ixdw — 0, ... We shall write 

il (M/J 7 ) the complex of basic forms 
f2 (MjT) the complex of basic controlled forms 
fl^ ((M, F) /T) the complex of basic relative controlled forms. 

When the action is periodic we have in fact a circle action and these complexes become, up to isomorphism, Q(B), 
Q v (B) and Q (B,F) respectively. 

The three complexes above are in fact dgc algebras. The dgc algebra minimal model of O (M/J 7 ) and Vl(M/T) 
are the same and they will be denoted by A(M / T) (cf. fl23|1 ). We work in the category of A(M / !F)-dg modules. 
The A{M/T)-<lg module minimal model of Cl v ((M, F) /J 7 ) will be denoted by M((M, F)/T). 

The inclusion l: F <—* M induces the inclusion operator i: f2 ((M, F) / J 7 ) — ► ft (M/J 7 ) which is an A(M/J 7 )- 

dg module morphism of degree 0. Here the Euler form e lies on $t ((M — F)/J 7 ) and it induces the A(M/J 7 )-dg 
module morphism e: O ((M, F)/ J 7 ) — ► ft (M /J 7 ) of degree 2. The ^l(M/F)-dg module minimal models of these 
operators are i' and e' respectively. 

We shall write X = d/dt if there exists a diffeomorphism M = Bxl sending X on a multiple of d/dt. The 
main result in this framework is 
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Theorem 4.9.1 If X ^ d/dt then 

M(M) = A{M/T) 8 e < M({M, F)/T) 
M(F) = A{M/T) ® v M{{M,F)/F) 
Proof. If we prove that the inclusion 10, (M) 0, (M) and the restriction £l(Af) — * (M) are dgc algebra quis, 



then it suffices to follow the path taken in the proof of the Theorem 4.3.1 



An isometric flow defines a singular riemannian foliation T where the orbits are all closed or the closures of 
the orbits are all tori (cf. In the first case the natural projection -k: M — > M/T becomes a locally trivial 

fibration and, by orientability, a trivial one. So, X = d/dt and we are in the second case. Using the Mayer- Vietoris 
argument we can replace M by a torus T endowed with an R-linear action. The problem is then to prove that the 
inclusion 10 (T) =— > O (T) and the restriction O (T) — > O (T) are dgc algebra quis. Since the flow is regular then 
flJT) = 0(T). By density, the complex Jfi^T) = 10 (T) becomes T (T) = {lo 6 O(T) invariant by T}. Since T 
is compact, we already know that the inclusion T (T) <^-> f2(T) is a dgc algebra gms (cf. 0). 4k 

In the case X = d/dt this result would imply H (M) — H (^B x § j, which is false. We finish the work 
extending to isometric flows a well known result related to periodic actions. 

Corollary 4.9.2 1/1/ <9/<9i i/ien, /or any r > 0: 

OO OO 

H r ~\(M,F)/T) + Vdimif^F) < ^ dimij' +2l (Af). 

i=0 i=0 

Proof. From the above formul we get the following long exact sequences: 



+i , 



>H (M/T) -> H (M) -> H ((M, F)/T) -> {M/T) 

> H\{M,F)/T) -> H{M/T) -> H{F) -> H* +1 ((M, F)/T) 

Since the action is free out of F the above Theorem admits the relative version: .M(M, F) = .M((Af, F)/T) © e ' 
M((M , F) / T) , This gives the long exact sequence 

► H\{M,F)/F) -+ H(M,F) -* H"\(M,F)/T) -> H i+ \{M,F)/F) 

Finally, by considering the long exact sequence associated to (M, F) one gets all the ingredients to proceed as in 
[^| pag. 161] in order to obtain the following Smith-Gysin sequence: 

>H\{M,F)/T) -^H i {M)^H i ~ 1 {{M,F)/F)®H i {F)^H i+ \{M,F)/J : ) — • • • 

Now it suffices to follow the procedure of []|, pag. 127]. X 

When M is compact the group of isometrics of (Af, /i) is a compact Lie group. So, the action of K extends to 
an action of a torus T. For this action we have the inequality 

OO OO 

iJ r_1 ((A/,F)/T) +^dimif +2l (F) < ^dimiJ r+2 '(Af), 

t=0 z=0 

for each r > (cf. S), but notice that in general H ((Af, F)/T) and H*((M,F)/T) are not equal. 



5 Appendix 



In this Appendix we give the proof of Theor em |l .3. 1 (existence of a minimal KS-extension) , Theorem |l.3.3 (unique- 
ness of a minimal KS-extension), Theorem 3.3. l| (minima l mod el versus controlled forms), Theorem 3.4.1 (relative 
minimal model versus controlled forms) and Proposition 3.4.2] (examples of good morphisms) . 
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5.1 Proof of Theorem [DTl] . 

To begin with, put A^(0, 0) = M, t(o,o) — id m and P(o,o) = ( P- Let us assume that we have already constructed 

t(n,o) : M — > i\T(n, 0) and /9 ( „ i0 ) = N(n, 0) — ► X 

such that 

(*)(n,o) t (n,o) is a minimal KS-cxtension, 

(M)(n,0) P(n,0) L (n,p) = ^, and 

(***)(n,o) (P(n,o))« : -ff (N(n, 0)) — > /f (X) is an isomorphism for < i < n — 1 and (p. n . ) jc 
is a monomorphism. 

Now, for q > 0, take V(n,q) — H + (N(n,q — 1),X) and consider it as a homogeneous vector space of degree n. 
Take also a linear section s of the natural projection Z (N(n, q — 1), X) — > V^(n, q). So for every u S V(n, q), 

n+l „ 

we have = (t„, £„) 6 N(n, q—1) (B X such that 

J V /°(n,g-l) ~ d / \ x * 
Define 

iV(n, g) = iV(n, <? - 1) © (A ® V(n, <?)) 

with differential du = i„ Define also i( n ,q) '■ M — ► N(n, q) as the composition of with the natural inclusion 

of N(n,q — 1) c — > N(n,q). Finally, take /0(„, g ) : N(n,q) — ► X to be the morphism of A-dg modules induced by 
P(n,q— l) an< i the linear map /: V(n, q) — > X defined by /?; = x v . 

Let us verify that: 

(*)(n,g) t (n,g) is a minimal KS-extension because of {i)( n . q -i) an< i the definition of f-(n jg ), 
(H)(n,q) P(n,q)i(n,q) = P(n,g-l)i(n,g-i) = ^ because of the definitions and (ii)(„ l9 _i), 
(Hi)(n.q) (P(n,q)) t '■ H (N(n,q)) — ► 7? (X) is an isomorphism for i = 0, . . . ,n. 

In fact, for i < n, pt n ,q) coincides with P( n . q -i) an d so the morphism induced in cohomology is an isomorphism 
by {Hi)(n,q-i)- In degree n, the natural inclusion N(n,q — 1) ► N(n,q) induces a monomorphism in 
cohomology because new generators can only kill cocycles in degree > n. So (pf n ,q))„ is a monomorphism 
and all we need to prove is that it is also an epimorphism: let [x] £ H (X) and [x] Im (/?(„ )g _i0 
(otherwise we are done). Then a; defines a non-zero relative cohomology class v = [(0, x)] £ V(n, g). By 
definition, v = [(dv, p( n ^)v]. So 

dv \ _ ( d \(t\_( dt 

P(n,q)V -X ) ~ \ P(n t q-X) -d J \ y J ~ \ P{n,q-l)t - dy 

with t £ N(n, q — 1)™ +1 , y £ X™ . As a consequence, 

(P(n, q ))"[v - t] = [x\ 

and so {pin,q))„ is a n epimorphism. Lastly, put N(n + 1,0) — \imN(n, q), t( n+10 ) = limt(„ 9 ), P( n +i,o) — 
limp(„ >g ) and let us verify the induction hypothesis. Conditions (i)( n +i o) an d (ii)( n +i,o) are trivial. For 

f 

(i*i)(n+i,o)) (P(n+i,o))» : -ff + 1, 0)) — > H (X) is an isomorphism for i = 0, . . . , n because all of the 
(p(n,q))„ ar e isomorphisms by [iii)( n ,q) an d (p( n +i,o)) , + is a monomorphism, because if a £ Z + N(n + 1, 0) 
is such that [/3( n +i,o) a ] = 0, then, as a £ N(n,q) for some q, we would have p! n<q \a = dec for some x £ X. So 
v = [(a,x)] £ V(n, q+ 1) will kill the class [a] in H" +1 (N(n,q)) and therefore in H™ +1 (N(n + 1,0)). 4k 
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5.2 Proof of Theorem |l.3.3| . We will confine ourselves to the case M = 0, since this is the only case we need 
in this paper. Let N — A <g> V, and assume we have already built 

C(m,o) : N(m,0) -> X 

in a such way that for all to < n 

(i)m P&{m,0) = idjV( m ,0)j an d 
(w)m ^(m.O)!^^/^ = o-(m'.o) for all to' < m. 

We will define 

ff(n+i,o): N(n + 1,Q)-*X 
satisfying (i)„ + i, (m)„+i and then the section of p will be 

cr = ]ima-(„ i0 ). 

n 

To do this, we will extend C(n,o) to morphisms 

C(n,?) : N ( n ,q) -> x 

in such a way that for every p < q 

\V(n,p) P a (n,p) = ^ iV(n,p) ) an d 
(«)(ra,p) °'(n J p)|jv(n,p') = °W)' for a11 P' - P" 

Once we have these &( n ,q) for ah 9 > 0, we will put 

CT(n+l,0) = hmCT(„ i? ), 

which will verify (i) n +i and (n) n +i. 

So let us begin the construction of the <J( n ,q)- F° r q = 0, f7 (n,o) exists by induction hypothesis. Assume we 
already have <J( n ,p) for all p < q. Then, consider the A-dg module 

X(n, q) = Im (<T(„ tq ) : N(n, 

Because pc(n,<j) = id N(n,q)i °(n,q) is a monomorphism and so <T( n ,q) '■ N(n,q) — > X(n,q) is an isomorphism. If we 
apply the Five Lemma to the long cohomology sequences of the following commutative diagram of exact sequences 
of A-dg modules 

X{n,q) X X/X(n,q) -0 









p 



p 



N(n,q) N N/N(n,q) ^0 

we obtain that p is a quis of A-dg modules. 

Next, let V(n, q + 1) be an K-vector space such that 

N(n, q + 1) = N(n, q)®(A® V(n, q + 1)) 

and let j be the composition V N —> N/N(n, q). Since dV C N(n, q), we have jV C Z(N/N(n, q)), and so we 
have an R-linear morphism Hj \ V — > H (N/N(n,q)) which we can lift to Z (X/X(n,q)): 

Z(X/X(n,q)) 
P 

V H(N/N(n,q)) < H{X/X{n,q)) 
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In fact, N/N(n,q) is an A-dg module concentrated in degrees > n. So B ' (N ~/N(n,q)) = and the previous 
diagram in degree n is just 

A y Z"(X/X(n,q)) 
P 

3 



V 



Next, consider the pull back 



(X/X(n,q))x 



N/N( n ,q) 



Z (N/N(n,q)) 



N 



N 



X/X(n,q) 



N/N(n, q) 



and the morphism induced by n: X — > X/X(n, q) and p: X — > N, 

(n,p):X^(X/X(n,q))x N/N ^ q) N. 
It is an epimorphism: if (x, y) G (X/X(n, q)) x N/JV(n ?) AT then px — y e iV(n, g). So, 



(7r,p)(o; - C7 ( „ ;9) (pa; - y)) = (x - 0, px - (px - y)) 

= (x,y). 



So, we can lift (A, i) to X 



X 



V 



(X,i) 



(X/X(n,q))x 



N/N{n,q) 



N. 



Then / and <7(„ ;9 ) induce the morphism of A-dg modules <J( n , q +i) ■ N(n, q + 1) — > X we were looking for: 

°"(n,9+l)| w(lli9) = CT(„,g) and CT( n ,, + i)| v = /. 

To see it is an A-dg morphism, it suffices, by definition of a Hirsch extension, to verify that 

a {n,q)d = df. 

So, let v G V, then nfv = Xv 6 Z (X/X(n, qj). So, = dnfv — irdfv. Hence dfv £ X(n,q) = Im <J( n , q )- Let 
w e N(n, q) be such that dfv — a^^u. Apply p to both sides of this equality and get, by the previous diagram, 

pdfv = dpfv = dv 

and, by induction hypothesis (i)( n ,q)i 
So dv = lo , as we wanted. 

Finally, <r ( „ ;9+1) verifies (i)( n , q +i) and (*«)(„,</+!) b Y construction. A 
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5.3 Proof of Theorem 3.3.1 



This result generalizes to stratified spaces the result asserting that the dgc algebra minimal model of a manifold 
can be computed using its dcRham complex. The proof is adapted from ]Tc| | using the same notation. It will be 
sufficient to prove that the dgc algebra minimal model of fi (Z) is that of Ag_(Z). For this purpose we construct a 
commutative diagram 



(9) 




P2 



fi 



C(LS{Z)) - C{Sing{Z)) 



S F (z) 



where J^, J 2 , J 3 , and p3 induce cohomology isomorphisms and pi et pi are dgc algebra morphisms. This implies 
that pi and pi are also dgc algebra quasi-isomorphisms and the Proposition is proved. We construct the diagram 
in several steps. 

I. Unfolding of A (see (2^]). The unfolding of the standard simplex A, relative to the decomposition A = 
Ao * • • ■ * A p , is the map 

PA ■ A = cA x • • • x cA p _i x Ap — > A defined by Pa([xq, to], ■ ■ ■ , [x p ~\, t p _i], x p ) = t x + (1 - t )tixi H h 

(1 — to) ■ ■ ■ (1 — t p -i)tp_iXp-i + (1 — to) ■ ■ • (1 — tp-i)x p . Here cAj denotes the closed cone Ai x [0, 1]/Ai x {0} and 
[xi, ti] a point of it. This map is smooth and its restriction pa : int (A) — > int (A) is a diffeomorphism (we write 
int (P) = P — dP the interior of the polyhedron P) . It sends a face £7 of A on a face V of A and the restriction 
Pa '■ int (£/) — > int (V) is a submersion. 

This blow-up is compatible with face and degeneracy maps. 

1. Face. Put Sp ■ F — ► A a codimension one face of A, the induced decomposition is F = Ao * • • • * Aj_i * 
Fj * Aj + i * ■ ■ ■ * A p (we have written * X = X). The lifting of Sp is the map 5p : F — > A defined by: 

z if Fj ^ 

(zo, . . . , Zj-i, flj, Zj + i, . . . , Zp-i, Xp) if Fj = $ , j ^ p, dj is the vertex of cAj and 

(^0; ■ • ■ • • • ) 1) 

(z , . . . ,Zp_ 2 , [aJp-i, 1]) if Fj = 0, j =p, and z = (z , ■ ■ • , z p -i,x p -i). 

This map is smooth (affine in barycentric coordinates), sends F isomorphically on a face of A and verifies pa°8f — 

Spopp. 

2. Degeneracy. Put a: D = A*{P} — > A a degeneracy map with <td(P) = Q € Aj. The induced decomposition 
D = Aq * ■ ■ ■ * Aj_i * (Aj * {P}) * A J+ i * • • • * Ap). The lifting of a is the map op, : D — ► A defined by: 

(z , . . . , [tajj + (1 - tj],... , z p ^i,Xp) if j < p and z is 

(Zq, ■■■ , [tXj + (1 - *)P,tj], ■ ■ ■ ,Zp-i,X p ), 

(zo, . . . , Zp-i,tx p + (1 — t)Q) if j = p and z is 

(z , ... , Zp-i,tX p + (1 - t)P). 
This map is smooth (linear in barycentric coordinates) and verifies /ia°<?d = o~d°Pd- 

On the boundary dA we find not only the blow-up dA of the boundary dA of A but also the faces Bi = 
cA x ■ ■ • x cAj_i x (Ai x {1}) x cA i+ i x ■ • ■ x cA p „i x A p with i S {0, . .. ,p — 2} or i — p — 1 and dim A p > 0, 
which we shall call bad faces. Notice that dim/iA(Pi) = dim(Ao * • • • * Aj) < n — 1 = dimi?,;. 

II. The simplicial setQ 

LS (Z). On a stratified pseudomanifold it is not possible to define smooth simplices directly as in |hJ. For 
this reason we introduce the notion of liftable simplices. Put Z = Z n= dimfl 3 = Z n -i D ■ ■ ■ D Z D Z-i = 
the filtration of Z, that is, Z^ is the union of strata with dimension smaller than i. A liftable simplex is a singular 
simplex </? : A — > Z verifying the two following conditions. 

[LSI] Pac/i pwH &acfc ( / 3_1 (^) is a face of A. 

Consider {i , . . . ,i p } = {i G {0, . . . ,n} / ¥ J_1 (^i) 7^ ^ 1 (Z i _i)} and put Aj the face of A with ( P^ 1 (Z lj ) = 
l P~ 1 (Zi j -i) * Aj. This defines on A the f- decomposition A = Aq * ■ ■ ■ * A p . 

1 For the notions related with simplicial sets, local systems, . . . we refer the reader to Jin] 



5d(z) = 
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[LS2] There exists a smooth map ( P: A — > Z with £20^ = fop, A! where the unfolding of A is taken relative to the 
f -decomposition of A. 

The ^o^-decomposition (resp. ^oa^-decomposition) is just F = Ao * • • • * Aj_i * Fj * A 3+ i * • • • * A p (resp. 
D = Aq * ■ ■ ■ * Aj-i * (Aj * {P}) * Aj + i * ■ ■ ■ * A p ). So, for a liftable simplex f the simplices cV^) = PoSf and 
sd{^) = Wood are liftable simplices. The face map 8f and the degeneracy map sd verify the usual compatibility 
conditions. Put LS_(Z) the family of liftable simplices. So, (LS(Z), d, s) define a simplicial set. 

Notice that a liftable simplex f sends the interior of a face A of A on a stratum S of Z and that the restriction 
t P: int(A) — > S is smooth (using face maps we can suppose A = A and there we know that pa ■ hit (A) — * hit A 
is a diffeomorphism) . 

III. The local systems C and E. The local system C on Sing(Z) (resp. LS_{Z)) is defined in [[To], 14.2] in such 
a way that the space of global sections C(Sing{Z)) (resp. C (LS (Z))) is the complex generated by the singular 
simplices (resp. liftable simplices) of Z. 

Consider a simplex A endowed with the decomposition Ao * • ■ • * A p . A liftable form on A is a family of 

differential forms 77 = {r/A £ f2(int (A)) / A face of A} possessing a common lifting rj 6 Q (^Aj , that is: 

rj = /iA^MAf-ff) on m t (H), for each face H of A. 

The lifting rj is unique. Since pa is an onto submersion with connected fibers then the lifting forms are exactly 
the differential forms ui on A verifying u>(v, — ) = duj(v, — ) = for any vector of A with (jaa)*{v) = 0, that is, the 
basic forms on A. In the sequel we shall use both of points of view. 

A liftable form on { l P: A — » Z} G LS (Z) is a liftable form on A relative to its ^-decomposition. For any 
t P: A — > Z liftable simplex we shall write Etp = {liftable forms on which is a dgc algebra complex. 

Consider Sf ■ F — > A a face map and an :fl->Aa degeneracy map. We define the face operator Of '■ Etp — > 
Eo F (tp) and the degeneracy operator sr>: Eip — > E SD ^ by dpijj) = S F rj and su(?y) = o~jjfj respectively. These 
operators verify the usual compatibility conditions and thus define a local system E on LS_(Z). Notice that the 
space E(LS(Z)) of global sections of E is a dgc algebra. 

When Z is a manifold endowed with the stratification {Z}, liftable simplex becomes smooth simplex and so 
LS (Z) = Sing 00 (Z). Moreover, E becomes the local system Aqo of C°° differential forms. 

IV. Operators p and J. 

• The operator p% is just the inclusion, which makes sense since any liftable simplex is a singular one Proceeding 
as in [2H] one proves that this inclusion induces an isomorphism in homology and therefore that py, is a quasi- 
isomorphism in the category of graded vector spaces. 

• The operator p^ is defined as follows. For each u> £ Ar(Z) and each liftable simplex V of Z we put pf^v ^ ne 
lifting of {p2{<jj))ip- This operator is a dgc algebra operator. 

• The operator p\ is defined as follows. For each uj S CI (Z) and each liftable simplex f of Z we put V u> the 
lifting of (pi(w)) v . This operator is a dgc algebra operator. 

• The operator J is given by integration of differential forms on simplices: 

( J cj)(V) = J lu v where lu £ A$(Z) and V is a singular simplex of Z. 

The deRham Theorem says that Jl is a quasi- isomorphism in the category of graded vector spaces [ [To[ . 

• The operator J 2 is given by integration of differential forms on simplices: 

( / u)(<P) = / V*lu = where w £ (Z) and V is a liftable simplex of Z. 

J2 Jint (A) J A 

This operator is differential if we have / V uj = 0. To prove this, we write S the stratum of Z containing 

JBi 

V(int (/ua(-Bi))); since 'Z 3 uj = /i^'ws then we get / f uj — because dimS; > dim/iA(-Sj). Proceeding as in 
pi] one proves that J 2 is a quasi-isomorphism in the category of graded vector spaces. 

• The operator J 3 is is given by integration of differential forms on simplices: 
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4 



7 l){^) = I (%>)a = / V'-p where r\ £ E(LS(Z)) and V is a liftable simplex of Z. 

•/int (A) J A 



3 Jint (A) J A 

This operator is differential since / rj v = 0; this comes from the equality rj v = l^/jjlf) ^{Bi) on int(-Bj). We 

JBi 

already know that the local system C on LS_(Z) is an extendable local system JlC], Proposition 14.11]; if we prove 
that D is an extendable local system we shall get that J 3 is a quasi-isomorphism in the category of graded vector 
spaces 1 10 1 Theorem 12.27]. This fact comes from the Poincare Lemma and the Extension Property we prove below. 
For this purpose we fix a decomposition A = Ao * • • • * A p . 

Poincare Lemma. H ({liftable forms on A}) = K. 

We prove H ^{basic forms on A}j = M. Suppose first the case dim A p > 0. Put -d vertex of A p . Consider 
the following maps: 

hi : A x [0, 1] — > A defined by h 1 (r x Q + • • ■ + r p x p ,t) = r x + ■ • • + r p ^iX p _i + r p (t-d + (1 — t)x p ), 
h 2 : A x [0, 1] — > A defined by h 2 (z 0l ■ ■ • , z p -i,x p ,t) = (zo, ... , z p -\,td + (1 - t)x p ). 

They are smooth homotopy maps between A (resp. A) and A' = A * • ■ • * A p _! * {•&} (resp. A'). Since 
Ma (h%(zQ, . . . , 2 p _i, x p , t)) = hi(fi&(z , . . . , Zp-i, x p ), t) the basic forms are preserved and h 2 induces a ho- 
motopy operator between {basic forms on A} and {basic forms on A'}. 

Suppose dimAj, = 0, that is, A p = {$}. Write V the simplex A endowed with the decomposition 
Ao * • • • * Ap_ 2 * (A p _i * {#})• Since the map t: V — > A, defined by t(zq, . . . ,z p _2,tx p _i + (1 — £)??) = 
(zq, . . . , z p ^2, [x p -i,t\, '&), is a diffcomorphism verifying fiA°T = Hv, we get that the complexes 
{basic forms on A} and {basic forms on V} are isomorphic. 

Applying alternatively these two procedures we arrive to the case A = {#} and here it is clear that the 
cohomology of {basic forms on A = {$}} is R. 



Extension property. Each liftable form on dA possesses an extension to a liftable form on A. 

Let rj = {r/A S Q(int (A)) / A face of dA} be a liftable form on dA. Put rj £ fl (d^j t ne lifting, which is a 

basic form verifying rj = MA^Afff) on m ^ {^0 f° r eacri f ace H of A. Since the fibers of /iA : dA — > dA are 
not necessarily connected then we cannot identify liftable forms with basic forms. 

Notice first that any form on dA possesses an extension to a form on A. Moreover, if the form is basic then 
its extension is necessarily basic (the restriction /^a : hit (A) — > int (A) is a diffeomorphism) . So, it suffices 
to extend rj to a basic form defined on dA. 

Consider Sp' F — ► A a face of dA. Using face maps one constructs a smooth map 8p : F — > A sending 
isomorphically Fona face of dA and verifying /ia°<5f = Spofip. Notice that in this case the map Sp is not 
necessarily unique (codimA-F can be greater than 2). This equality implies that n\p — {t]a / A face of F}, 
restriction of 77 to F, is a liftable form with lifting 5 F rj. Recall that this form is /x^-basic. 

For each i £ {0, . . . ,p — 1} we put V, = ha(Bi), whose induced decomposition is just V,; = Ao * • • • * Aj. 
Define the projection pr t : Bi —> V,; by pri(z , . . . (x h l),z i+ i, . . . , z p -i,x p ) = (z , . . .Zi- U Xi). JThis 

map sends (the interior of) a face of Bi on (the interior of) a face of Vj. We define on Bi the form % = pr*8^j.rj, 
which is a basic form because /iA = t L v i °V r i- Moreover, ji is the lifting of 77I Vi ; if H is a face of Bi then 
7i = P r i^vF t *A r l^&{H) — f-AVfi^iH) on i n t (H). Since the lifting is unique the forms {70, . . . , 7 P -i} define a 
basic form on dA — dA, the union of bad faces. Again, the uniqueness of the lifting implies that this form 
coincides with rj on dA. Therefore, the extension of rj is constructed. 

• Commutativity. One easily checks J 3 op 1 = j 2 and J 3 op 2 — p^o J v that is, diagram (j^) is commutative. Since 
j v J 2 , f 3 , P3 induce isomorphisms in cohomology (as graded vector spaces) and p 2 , pi are dgc algebra morphisms 
then p 2 , p\ are dgc algebra quasi-isomorphisms. So, the dgc algebra minimal model of Z is that of £1 (Z). Jit 
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5.4 Proof of Theorem 3.4.1 



We shall say that a morphism / : Z' — » Z between two stratified spaces is good if it satisfies the two following 
conditions: 

[PI] / preserves controlled forms: f*u> 6 ft (Z 1 ) for any u> G SI (Z) 
[P2] / preserves liftable simplices /o'P'-decomposition = ^'-decomposition and 
fo<P' G LS{Z) for any <p' G LS(Z'). 
Consider now the following diagram 

Q v (Z') E(LS(Z')) J*-Ax(Z') 

r r r 



n (z) 



pi 



E(LS(Z)) 



P2 



A m {Z) 



where the pull backs are defined as follows. 

For each ui G Ag_(Z) and each liftable simple <P of Z' we put (f*w)(p> = u>^ (p'. This operator is a dgc algebra 
morphism. 

Since / is good then /* : fi (Z) — ► fi (Z') is a well-defined dgc algebra operator. For each n G E( LS (Z)) 
and each liftable simple V of Z' we put (f*T])ip = r)f tp, which makes sense since / is good. One easily checks 
f*°p'i = pi°f* and f*op 2 = p 2 °f* , which ends the proof X 



5.5 Proof of Proposition p. 4.2) . 

We proof first the following Lemma 
Lemma. Let V 5 : A — + M be a simplex satisfying [LSI]. Then, the family of strata of M meeting Im f is totally 
ordered. 

We prove that if F\, F 2 are two faces of A and Si, S 2 two strata of M with V(int (Fi)) C Si ^ 0, i = 1, 2, then 
Si < S 2 or S 2 < S\. 

Since f (M^as^ (resp. f (M^mSt-i)) is a face of A meeting int (Fi) (resp. not containing int (Fi)) then 
int(Fi) C ^(AfdimsJ (resp. int (-Fi) n V~ 1 (M d i m s i -i) = 0). So, int (fi) Cf-^M^Si - M dimSi -i) and 
by connectivity we get int (Fi) C V~ 1 (Si). Notice that this implies < / 5 (F i ) C Si. 

Consider now F3 the smallest face of A containing Fi and F 2 . Put 53 a stratum of M with f(mt (Fs))nS3 7^ 
(it always exists!). From the previous paragraph we get ^(mt (F3)) C S3 and ^(F^) C S3 and therefore 
Si n 5s" + 0, 52 n S3" j4 and so Si < S 3 and S 2 < S 3 . 

Let us suppose dimSi < dim 52- Since the face (Ma m s 3 ) contains int(Fi) and int (F 2 ) then it also 
contains F3 by minimality. Thus 53 C Mdi m s 2 which gives dim S3 < dim S 2 and therefore S3 = S 2 . Finally, 
Si < S 2 . 



Now, in ordre to verify Proposition 3.4.2, we need to verify conditions [PI] and [P2]. 

• Projection it. 

[PI] Since n is a liftable morphism. 

[P2] Let ( P: A — > M be a liftable simplex. Following the lemma the family of strata meeting Im <P can be written 
S < S 1 < ■■■ < S p -i < S p . The ^-decomposition of A is A = A * • • • * A p with A * • • • * A* = y _1 (5 U • • • U Si). 
Since tt is a strict morphism then the family of strata of B meeting 1xsx(tto ( P) is tt(So) < ""(Si) < ■ ■ ■ < 7r(S p _i) < 
ir(Sp). So, Ao * • • • * Aj = (tto i P)^ 1 (tt(So) U • • • U 7r(Si)) which implies that the (7roy)-decomposition of A is the 
'/'-decomposition. The lifting of irof is just tto<P. 

• Inclusion 1. 

[PI] Since len (F) = then wc have fi„(F) = fi(F). Notice that t* : £l v (B) -> fi(F) is just R F . 

[P2] Consider ¥>: A — * F a liftable simplex, that is, a smooth map ¥>: A — * S where S is a fixed stratum. So, 
the ^-decomposition and the (io^)-decomposition are just A = A. On the other hand, since Cb ■ C] 3 1 (S) — > S is 



a fibration and A is contractible then we can construct a smooth map ip : A 
is the lifting of lo<P. 



Z with pz°^ — LoL P- So, this map 

* 
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